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Much of our physical intuition about black hole quasinormal modes in general relativity comes
from the eikonal/geometric optics approximation. According to the well-established eikonal model,
the fundamental quasinormal mode represents wavepackets orbiting in the vicinity of the black
hole’s geodesic photon ring, slowly peeling off towards the event horizon and infinity. Besides its
strength as a ‘visualisation’ tool, the eikonal approximation also provides a simple quantitative
method for calculating the mode frequency, in close agreement with rigorous numerical results.
In this paper we move away from Einstein’s theory and its garden-variety black holes and go on
to consider spherically symmetric black holes in modified theories of gravity through the lens of
the eikonal approximation. The quasinormal modes of such black holes are typically described by
a set of coupled wave equations for the various field degrees of freedom. Considering a general,
theory-agnostic, system of two equations for two perturbed fields, we derive eikonal formulae for
the complex fundamental quasinormal mode frequency. In addition we show that the eikonal modes
can be related to the extremum of an effective potential and its associated ‘photon ring’. As an
application of our results we consider a specific example of a modified theory of gravity with known
black hole quasinormal modes and find that these are well approximated by the eikonal formulae.
I. INTRODUCTION
A full century after the conception of general relativ-
ity (GR) the direct observation of gravitational waves
(GWs) from merging black holes by the advanced LIGO-
Virgo network of detectors [1–5] has finally opened the
door to tests of relativistic gravity in the truly nonlin-
ear strong field regime. Among the prime objectives of
present and near-future GW astronomy is the material-
isation of ‘black hole spectroscopy’, that is, the obser-
vation of the so-called ringdown signal at the very end
of the merger and the extraction/identification of the fi-
nal black hole’s quasinormal modes (QNMs). The power
of this method, much like its atomic physics kin, lies in
the fact that GR predicts a unique spectrum of complex
QNM frequencies for a given black hole mass and spin
and therefore the simultaneous observation of more than
two QNMs should, in principle, allow the Kerr hypothesis
to be tested [6–8].
Any programme aiming at probing the true nature of
black holes should allow for deviations from GR’s Kerr
spacetime as well as for theoretical input from alternative
to GR theories of gravity. Perhaps the simplest ‘beyond-
Kerr’ strategy is to use parametrised schemes (with the
parameters controlling the deformation away from GR)
both for the black hole’s spacetime metric [9–12] and the
associated QNMs [13–15] without the need to commit
to any particular theory of gravity. The main drawback
of this approach is that it may constitute nothing more
∗ kostas@um.es
† hector.okadadasilva@montana.edu
than a null test of the Kerr metric, in the sense that
the deformations may not actually map onto any specific
gravity theory. The alternative, more rigorous (and far
more laborious) strategy is the theoretical calculation of
black hole spacetimes and their GW signature on a case-
to-case basis within the zoo of modified gravity theories.
Not surprisingly, this second approach is much more dif-
ficult to implement and as a result QNMs of non-GR
black holes have been computed only for a handful of
cases, usually under the assumption of spherical symme-
try, e.g. [16–23] (for a comprehensive review and further
references see [24]).
In this paper we study QNMs of black holes beyond
GR by combining elements of the two aforementioned ap-
proaches. We assume spherically symmetric black holes
in which case, after separating out the angular depen-
dence, the wave dynamics and QNMs of the system are
described by a set of radial wave equations for the per-
turbed spacetime metric (the tensorial field) and the
other fields that are generically present in modified theo-
ries of gravity. In some instances one of the two symme-
try sectors of the tensorial field (axial/odd of polar/even
modes) couples to the other fields while the remaining
one is described by the same Regge-Wheeler or Zerilli
equation as in GR. Focusing, for obvious reasons, on
the coupled case, we adopt a largely theory-agnostic ap-
proach and postulate a pair of wave equations for the ten-
sorial and the extra ‘scalar’ field with parametrised po-
tentials. Although far from representing the most general
situation [23], our parametrised model provides a useful
benchmark for describing perturbed non-GR black holes;
in addition it has the merit of including as a special case
at least a pair of modified theories of gravity, namely,
2dynamical Chern-Simons gravity [16] and the sixth-order
Proca theory [23, 25].
Our main main tool – and second main simplification
– is the use of the eikonal (or geometric optics) approxi-
mation for obtaining QNM solutions from the wave equa-
tions. The eikonal approximation has a long and success-
ful history in the study of Schwarzschild and Kerr black
holes, dating back to the early 1970s [26, 27] (see [28, 29]
for reviews on the subject). According to the estab-
lished eikonal picture, the fundamental QNM can be vi-
sualised as a wavepacket localised in the radial direction
at the peak of the wave potential; in this approximation
the peak itself coincides with the location of the pho-
ton ring of null geodesics. The real part of the QNM
frequency is found to be an integer multiple of the or-
bital angular frequency at the photon ring. Similarly,
the decay rate (imaginary part) of the QNM is related
to the Lyapunov exponent of the unstable null orbits
at the photon ring radius [30–32]. The same intuitive
eikonal model has been used to establish a connection
between the ℓ > |m| QNMs of Kerr black holes (where
ℓ,m are the usual spherical harmonic integers) and the
nonequatorial spherical photon orbits [33, 34]. More re-
cently, and inspired by the QNM-photon ring relation, an
eikonal post-Kerr parametrised scheme was developed as
a model for the fundamental ℓ = |m| mode of non-GR
black holes [13]. Although this model can describe the
astrophysically more interesting case of rotating black
holes it also has the drawback that it does not account
for any extra field degrees of freedom. On the same topic
of non-GR black holes it should be noted that some re-
cent work has criticised the validity of the connection
between QNMs and photon geodesics [35, 36], although
the models and arguments used in these papers are far
from being conclusive.
The purpose of the eikonal calculation presented in this
paper is therefore twofold. First, by including a coupling
to an extra field, we develop a parametrised eikonal QNM
model that surpasses in rigorousness that of Ref. [13]
(although in doing so we restrict ourselves to the less
physically interesting case of spherical symmetry). Sec-
ond, we examine to what extent these novel eikonal for-
mulae preserve some connection between the fundamen-
tal QNM and photon geodesics. Our implementation of
the eikonal approximation differs in one key aspect with
respect to what is usually done in the context of GR
black holes. In this latter case, the eikonal approxima-
tion consists in taking the angular limit ℓ ≫ 1 in the
Bohr-Sommerfeld formula originating from the WKB-
approximated radial wave equations (for example, see
[37]). As no WKB approximation appears to exist (to
the best of our knowledge) for a system of coupled wave
equations, we are forced to take the eikonal limit of the
equations themselves both in the radial and angular di-
rections. In essence, our approach is very similar to that
of Ref. [33] for Kerr black holes, and this will become
apparent in the discussion of the following section.
The remainder of this paper is organised as follows.
In Section II, and before embarking on our analysis of
coupled wave equations, we study the eikonal limit of a
single wave equation, albeit a generalised one that allows
for deviations from GR. Section III contains the main cal-
culation of this paper, namely, the derivation of eikonal
formulae for non-GR QNMs described by a pair of cou-
pled wave equations in the context of modified theories
of gravity with an extra scalar field degree of freedom be-
sides the standard tensorial one. A summary of these re-
sults can be found in Section III E. Section IV provides an
application of our eikonal formulae for the case of QNMs
of Schwarzschild black holes in dynamical Chern-Simons
gravity. Our concluding remarks can be found in Sec-
tion V while the two appendices contain some additional
material on photon geodesics and their correspondence
to the eikonal limit.
Throughout this paper we adopt geometric units G =
c = 1 and assume an e−iωt time dependence for the per-
turbed fields. We use a prime to denote a d/dr radial
derivative. For any function f(r) we use abbreviations
fph = f(rph), fmax = f(rmax), etc.
II. GENERALISED WAVE EQUATION IN A
SPHERICAL BLACK HOLE SPACETIME
A. Eikonal approximation: leading order
In order to set the stage for calculating QNMs of non-
GR black holes in the eikonal approximation we first con-
sider the case of a single (radial) wave equation describ-
ing perturbations of a field ψ in a background spherical
spacetime. We assume an equation,
d2ψ
dx2
+
(
ω2 − U)ψ = 0, (1)
where x(r) is a suitably defined tortoise coordinate which
maps the black hole horizon (located at r = rH) and
infinity (r =∞) onto x = −∞ and x = +∞ respectively.
The wave potential is assumed to be of the form1,
U = f(r)
[
ℓ(ℓ+ 1)
r2
α(r) − 6M
r3
ζ(r)
]
, (2)
where ℓ is the familiar angular integer multipole and f(r)
a function with asymptotic behaviours f(r → rH) → 0
and f(r → ∞) → 1. The functions α(r), ζ(r) are as-
sumed to carry no ℓ-dependence but are otherwise un-
specified. Crucially, we require U to be ‘black hole-like’,
that is, with a single peak and U(x→ ±∞)→ 0.
According to the eikonal/geometric optics prescription
we look for wave solutions of (1) of the form,
ψ(x) = A(x)eiS(x)/ǫ, (3)
1 Single-field wave equations of the form (1)-(2) can appear in
extensions of GR like the higher-dimensional Einstein-Gauss-
Bonnet theory [36].
3where ǫ is the customary bookkeeping parameter. Then,
d2ψ
dx
= eiS/ǫ
[
A,xx +
i
ǫ
( 2S,xA,x + S,xxA )− (S,x)
2
ǫ2
A
]
,
(4)
and the wave equation becomes,
A,xx +
i
ǫ
( 2S,xA,x + S,xxA ) +
[
ω2 − (S,x)
2
ǫ2
− f
(
ℓ(ℓ+ 1)
r2
α− 6M
r3
ζ
)]
A = 0. (5)
The double limit ǫ ≪ 1 and ℓ ≫ 1 enforces the eikonal
limit in the radial and angular directions and leads to the
following leading-order equation,
− (S,x)
2
ǫ2
+ ω2 − ℓ2 fα
r2
= 0 +O(ℓ, ǫ−1). (6)
This expression, reminiscent of a radial Hamilton-Jacobi
equation, only makes sense if the two expansion param-
eters balance, ǫℓ = O(1). The physical picture behind
this balance is that of wave packets equally localised in
the radial and angular directions. The same reasoning
dictates a scaling ω = O(ℓ).
For a QNM wave solution we need to impose the
boundary conditions,
S(x→ ±∞) = ±ωx. (7)
Following a reasoning similar to the eikonal analysis of
Ref. [33], we expect the phase function S to switch from
outgoing (x > 0) to ingoing (x < 0) at the location of
the potential peak (located at x ≈ 0); in other words S
should have a minimum at that radius.
If we define U˜ as
U(r) ≈ ℓ2 fα
r2
≡ ℓ2U˜(r), (ℓ≫ 1), (8)
the potential peak in the eikonal limit, r = r0, should be
U˜ ′0 =
(
fα
r2
)′
0
= 0, (9)
where a prime stands for a derivative with respect to r.
In fact, the association of S,x = 0 with the potential
peak can be enforced rather than being merely assumed
by taking the x-derivative of (6):
2
ǫ2
S,xS,xx = −ℓ2 dr
dx
U˜ ′ ⇒ S,x(r0) = 0. (10)
The evaluation of (6) at the potential peak r = r0 sin-
gles out the black hole’s fundamental QNM frequency (at
leading eikonal order). We obtain
ω2 = ℓ2U˜0 = ℓ
2 f0 α0
r20
. (11)
Note that we could have arrived at the same result via
the ℓ≫ 1 limit of the standard WKB formula [38] which
is still applicable for our wave equation with the assumed
single-peak potential. In the GR limit of a Schwarzschild
spacetime we have f = 1− 2M/r, α = 1, and our result
reduces to the correct expression (see e.g. [29]).
Writing the complex QNM frequency as
ω = ωR + iωI , (12)
we would normally expect ωR ≫ |ωI | in the eikonal limit
as in, e.g. Schwarzschild black holes. In that case
ωR ≈ ℓ U˜1/20 . (13)
In principle, though, the leading-order result (11) should
apply equally well for a QNM with the opposite arrange-
ment |ωI | ≫ ωR of real and imaginary parts.
B. Eikonal approximation: subleading order
Moving beyond the leading-order eikonal calculation,
we expect ωI to be determined by the O(ǫ−1) terms of
Eq. (5) evaluated at r = r0. At this order we should also
account for the subleading piece of ωR. That is,
ωR = ω
(0)
R + ω
(1)
R +O(ℓ−1), ω(0)R = ℓ U˜1/20 , (14)
where both ωI , ω
(1)
R are O(1) quantities. Then,
2i
ǫ
S,xA,x +
(
i
ǫ
S,xx + 2iω
(0)
R ωI + 2ω
(0)
R ω
(1)
R − ℓU˜
)
A = 0.
(15)
Setting r = r0,
i
ǫ
S,xx(r0) + 2iω
(0)
R ωI + 2ω
(0)
R ω
(1)
R − ℓ U˜0 = 0. (16)
To proceed, we must obtain S,xx. By Taylor-expanding
Eq. (6) around r0 and making use of Eqs. (9) and (13)
we find
(S,x)
2
ǫ2
= − ℓ
2
2
U˜ ′′0 (r − r0)2. (17)
Taking the positive square root and then differentiating,
we get
S,xx
ǫ
=
ℓ√
2
dr
dx
|U˜ ′′0 |1/2. (18)
The imaginary part of (16) gives
ωI = −1
2
(
dr
dx
)
0
√
|U˜ ′′0 |
2U˜0
. (19)
As in the case of ω
(0)
R , this ωI result could have been
derived by taking the ℓ≫ 1 limit of a WKB formula.
4Moving on, we can see that the real part of (16) fur-
nishes the ω
(1)
R correction,
ω
(1)
R =
1
2
U˜
1/2
0 . (20)
This means that we can write an expression for ωR fea-
turing the famous ‘ℓ + 1/2’ Langer factor,
ωR =
(
ℓ+
1
2
)
U˜
1/2
0 +O(ℓ−1). (21)
Together with Eq. (19) this result completes our eikonal
approximation analysis of the wave equation (1).
C. An eikonal QNM-photon geodesics connection?
As already discussed in some detail, the eikonal anal-
ysis of Schwarzschild (or Kerr) QNMs establishes a di-
rect connection between the fundamental QNM associ-
ated with the peak of the wave potential and the geodesic
photon ring [29–33]. We can explore the validity of this
connection within the general setup of the previous sec-
tion by assuming a Schwarzschild background spacetime
with f = 1− 2M/r.
The geodesic photon ring at rph = 3M is the solution of
2f = rf ′ (see Appendix A for a discussion of photon rings
in a general spherical metric). On the other hand, the
peak r0 of the eikonal wave potential solves the slightly
different equation [see Eq. (9)]
r(fα)′ = 2fα, (22)
and therefore r0 6= rph, unless α = const. In this case we
inevitably face a breakdown of the eikonal QNM-photon
ring correspondence [here we note that Ref. [36] considers
higher-dimensional wave equations of the type (1) and
arrives at a similar conclusion].
As it turns out, however, the eikonal ωR does ‘see’ an
effective spherical metric with,
− gefftt =
1
geffrr
= f(r)α(r). (23)
Null geodesics in this metric obey the radial equation (see
Appendix A)
(ur)2 = 1− b2U˜(r) = Vr(r, b), (24)
where b is the impact parameter. Circular photon orbits
are singled out by the two conditions Vr = V
′
r = 0; these
lead to the following equation for the ‘photon ring’ radius
[see Eq. (A3)],
r(gefftt )
′ = 2gefftt , (25)
which is identical to (22); therefore, the photon ring co-
incides with the peak r0. At the same time, the photon
ring’s ‘angular frequency’ Ω0 is given by [this is Eq. (A4)
evaluated at rph = r0]
Ω0 =
√
−gefftt (r0)
r0
=
(fα)
1/2
0
r0
, (26)
and our earlier result (13) becomes ωR ≈ ℓΩ0, i.e. the
familiar relation between the eikonal ωR and the photon
ring’s angular frequency [29–33].
Encouraged by this result, the next objective is to ex-
amine whether the QNM’s correspondence to an effective
geodesic photon ring extends to the imaginary part ωI via
a relation to the photon ring’s Lyapunov exponent. The
latter parameter is given by [see Ref. [32] and Eq. (A5)]
γ20 = −
1
2
r20 g
eff
tt (r0)
(
gefftt
r2
)′′
0
. (27)
We can then see that (19) becomes, after using the iden-
tification (23),
ωI = −1
2
(
dr/dx
fα
)
0
|γ0|. (28)
This reduces to the standard expression ωI = −|γ0|/2
provided
dr
dx
= fα = −gefftt . (29)
Indeed, this is the same x coordinate required for writing
the scalar wave equation geffµν∇µ∇νΦ = 0 in the form (1),
see Appendix B for details.
We can thus conclude that the eikonal QNM of the
generalised wave equation (1), and in terms of the ef-
fective metric (23), retains the physical interpretation it
enjoys in GR; i.e. it describes unstable null orbits in the
photon ring of that metric.
In a slightly different scenario than the one considered
here (see Appendix B), one can show that the eikonal
QNM of the usual scalar wave equation in a general
spherical metric (and assuming that the present section’s
model applies) is related to the properties of the met-
ric’s true photon ring via the same leading-order rela-
tions ωR = ℓΩph, ωI = −|γph|/2. In the light of this
section’s calculation this result should not come as a to-
tal surprise given that the eikonal potential of the scalar
wave equation (B2) is −ℓ2 gtt/r2 in perfect analogy with
this section’s potential U = −ℓ2 gefftt /r2.
III. EIKONAL QNM OF NON-GR BLACK
HOLES
A. Coupled wave equations in a spherical black
hole spacetime
The perturbation theory underpinning the calculation
of QNMs of spherically symmetric black holes in modified
5theories of gravity typically boils down to a coupled sys-
tem of wave equations for the axial or polar components
of the metric-tensor field (ψ) and the additional field de-
grees of freedom; see for example [16–20, 24]. Our own
discussion here is meant to be theory independent, but in
order to keep this first analysis simple, we assume a sys-
tem comprising two perturbed fields ψ and Θ (the scalar
field, governed by a pair of coupled wave equations,
d2ψ
dx2
+
[
ω2 − Vψ(r)
]
ψ = βψ(r)Θ, (30a)
d2Θ
dx2
+ g(r)
dΘ
dx
+
[
ω2 − VΘ(r)
]
Θ = βΘ(r)ψ, (30b)
where x is a common tortoise coordinate. The poten-
tial Vψ is assumed to be identical to the Schwarzschild’s
spacetime Regge-Wheeler or Zerilli potential [39] while
the scalar potential VΘ is allowed to deviate from GR,
Vψ = {VRW, VZ}, VΘ = f
[
ℓ(ℓ+ 1)
r2
α+
2M
r3
ζ
]
, (31)
with f = 1−2M/r. The coupling functions βψ(r), βΘ(r)
and the potential functions {g(r), α(r), ζ(r)} are left un-
determined, but we expect them to scale with negative
powers of r so that asymptotic flatness is preserved2. We
also assume that the ℓ(ℓ+1) factor represents the entire ℓ-
dependence of the left-hand-side of (30b). This ‘reduced’
system is modeled after the perturbation equations for
the axial tensor-scalar perturbations of Schwarzschild
black holes in Chern-Simons gravity [16], and it includes
them as a special case.
Our coupled system admits a QNM solution provided
the appropriate boundary conditions are satisfied:
ψ(x→ ±∞) ∼ e±iωx, Θ(x→ ±∞) ∼ e±iωx. (32)
For this to be possible {Vψ, VΘ} and {βψ, βΘ, g} should
vanish at x = ±∞. The first set does indeed comply with
this requirement provided α and ζ do not grow faster
than r2 and r3, respectively. The second set of param-
eters follows suit if these parameters scale with f and
negative powers of r.
With regard to approximation methods for a system
like (30a)-(30b), and as far as we are aware, no WKB
formulae appear to exist in the literature. Fortunately,
though, the eikonal/geometric optics approximation is
flexible enough to be applicable to a coupled system. To
this end we assume the eikonal solution ansatz,
ψ(x) = A(x)eiS(x)/ǫ, Θ(x) = B(x)eiH(x)/ǫ, (33)
where we have allowed for different phase functions for
the two fields.
The best strategy for dealing with the coupled system
at hand is to first combine the two equations and subse-
quently take the eikonal limit of the resulting expression.
2 This requirement implies a massless scalar field.
As in the previous case of the single wave equation, it
quickly becomes evident that the two expansion param-
eters should balance, i.e. ǫℓ = O(1), and that ω = O(ℓ).
Following this recipe, we obtain the following expression
after having eliminated the B amplitude between the two
wave equations:
ω4 − ω2
[
ℓ2V˜ (1 + α) +
1
ǫ2
{
(S,x)
2 + (H,x)
2
}]− βψΘ
+ ℓ2V˜
[
α
{
ℓ2V˜ +
(S,x)
2
ǫ2
}
+
(H,x)
2
ǫ2
]
+
(S,xH,x)
2
ǫ4
+
βψ
A
ei(H−S)/ǫ
[(
g +
2i
ǫ
H,x
)
B,x +B,xx
]
+ 2ℓ3V˜ 2α
− i
ǫ3
[
(gH,x +H,xx) (S,x)
2 +
(
2A,x
A
S,x + S,xx
)
(H,x)
2
]
− i
ǫ
ℓ2V˜
[ (2A,x
A
S,x + S,xx
)
α+ gH,x +H,xx
]
+
ℓV˜
ǫ2
[
α(S,x)
2 + (H,x)
2
]− ω2[ ℓV˜ (1 + α)− i
ǫ
(
gH,x
+H,xx +
2A,x
A
S,x + S,xx
) ]
= 0 +O (ǫ−2) , (34)
where we have defined βψΘ ≡ βψβΘ and V˜ (r) ≡ f(r)/r2.
This expression includes all terms up to O(ǫ−3) order;
all terms beyond that order have been omitted as they
will not play any role in the subsequent analysis. At the
same time we have retained all β-coupling terms as a re-
sult of their unspecified eikonal order. From the above
equation it is clear that βψΘ ≤ O(ℓ4), which is the high-
est allowed eikonal order consistent with the rest of the
terms. The presence of the exponential term would in
principle be a cause for concern; assuming a βψ ≤ O(ℓ2)
pushes this term into the group of O(ǫ−3) subleading
order terms where, as we shall see below, it makes no
impact to the final results. The same is true for the re-
maining amplitude-dependent terms.
Taking the eikonal limit, ǫ≪ 1 and ℓ≫ 1, we have at
leading order [i.e. the O(ǫ−4) terms of (34)]
ω4 − ω2
[
ℓ2V˜ (1 + α) +
1
ǫ2
{
(S,x)
2 + (H,x)
2
}]
+ ℓ2V˜
[
α
{
ℓ2V˜ +
(S,x)
2
ǫ2
}
+
(H,x)
2
ǫ2
]
+
(S,xH,x)
2
ǫ4
= βψΘ.
(35)
The simplest situation is the one in which βψΘ ≤
O(ℓ3); in that case the coupling term in (35) is subdom-
inant with respect to the other terms and the system of
the two equations effectively decouples. We discuss this
case in more detail in the following section.
B. The case of decoupled wave equations
Here we focus on the scenario of ‘weak ℓ-coupling’
where the term βψΘ does not appear in the leading-order
6eikonal equation (35). This obviously includes the trivial
case of no coupling βψ = βΘ = 0. Under these circum-
stances (35) becomes the product of two factors,
(S,x)
2
ǫ2
= ω2 − ℓ2V˜ , (H,x)
2
ǫ2
= ω2 − ℓ2V˜ α. (36)
Each of these equations is a special case of the general
wave equation of Sec. II and as a consequence we can
use the results obtained there. For the ψ-field we recover
the standard Schwarzschild result, ωR ≈ ℓ V˜ 1/20 = ℓΩph
with r0 = rph = 3M . For the Θ-field we similarly obtain
ωR ≈ ℓ (V˜ α)1/20 with a different peak r˜0 6= 3M associated
with the eikonal potential ℓ2V˜ α where H,x = 0.
Clearly, due to the presence of the α(r) function the
two eikonal frequencies do not coincide. This implies that
the two fields propagate independently, each one with its
own QNM frequency.
C. Leading-order analysis of the coupled system.
The lesson from the preceding calculation is clear: the
existence of a mixed scalar-tensor QNM wave with a sin-
gle frequency ω in the eikonal limit requires the presence
of a term βψΘ = O(ℓ4) in the leading-order equation (35).
The next step is to assume that both phase functions
are simultaneously minimised, S,x = H,x = 0, at the
same radius rm. Provided βψΘ is ω-independent, the
resulting expression is a biquadratic equation in ω:
ω4 − ω2ℓ2V˜m(1 + αm) + ℓ4V˜ 2mαm − (βψΘ)m = 0, (37)
admitting the pair of roots
ω2± =
ℓ2
2
[
V˜m(1 + αm)±
√
V˜ 2m(1 − αm)2 + 4(β˜ψΘ)m
]
,
(38)
where β˜ψΘ = βψΘ/ℓ
4 is ℓ-independent. Apart from its
self-consistent scaling, ω± = O(ℓ), this result also has the
correct GR limit (α→ 1, βψΘ → 0) provided rm → 3M .
As pointed out earlier, the eikonal ω± may not neces-
sarily coincide with the QNM with frequency ωR ≫ |ωI |.
In the spirit of our theory-agnostic framework, we should
not rule out modes with the opposite arrangement |ωI | ≫
ωR or indeed ones with |ωI | ∼ ωR in the eikonal limit
[this last scenario requires at least one of the functions
α, βψ, βΘ to be complex-valued and/or (β˜ψΘ)m < 0].
The radius rm can be calculated by taking the deriva-
tive of (35) and then evaluating it at (r, ω) = (rm, ω±),
ω2±
ℓ2
[
V˜ (1 + α)
]′
m
− (αV˜ 2)′m + (β˜ψΘ)′m = 0. (39)
This equation determines rm; in the GR limit it reduces
to V˜ ′ = 0 and rm = rph.
Remarkably, rm turns out to be a ‘peak’ (in reality a
local minimum or maximum) of an effective potential,
albeit a frequency-dependent one. This can be easily
verified by first defining
Veff(r, ω) ≡ ℓ2V˜
[
ω2(1 + α)− ℓ2V˜ α
]
+ ℓ4β˜ψΘ, (40)
and then noticing that (39) is equivalent to
V ′eff(r, ω) = 0, at (r, ω) = (rm, ω±). (41)
With the effective potential Veff(r, ω) defined in this way,
Eq. (37) becomes
ω4± = Veff(rm, ω±). (42)
Interestingly, one can define an alternative effective po-
tential which is equivalent to (40) in the sense that both
potentials satisfy the condition (41) and therefore have
the same ‘peak’ rm. This second potential can be pro-
duced from (40) after changing ω → ω±(r), where ω±(r)
is the function of Eq. (38) with rm → r. For the same
reason (42) becomes ω4±(r) = Veff(r, ω±(r)). Then,
d
dr
Veff(r, ω±(r)) = V
′
eff + Veff,ω± ω
′
±, (43)
and at the same time,
4ω3±ω
′
± =
d
dr
Veff(r, ω±(r)). (44)
The combination of these two equations implies V ′eff =
0 ⇔ ω′± = 0, thus ensuring the equivalence of the two
potentials.
D. The coupled system at subleading eikonal order
Going beyond the leading eikonal order, we assume a
‘canonical’ QNM with ωR ≫ |ωI | and
ω = ω
(0)
R + ω
(1)
R + iωI +O(ℓ−1), ω(0)R = ω±. (45)
We also expand the coupling parameter as
βψΘ = β
(0)
ψΘ + β
(1)
ψΘ +O(ℓ2), β(0)ψΘ = ℓ4β˜ψΘ. (46)
The subleading order eikonal equation consists of the
O(ǫ−3) terms of the general expression (34). After set-
ting r = rm, all terms with S,x and H,x factors vanish
(including terms with the ‘frictional’ parameter g and
exponentials) and we obtain
2ω±ω
(1)
R
[
2ω2± − ℓ2V˜m(1 + αm)
]
− ℓV˜m
[
ω2±(1 + αm)
− 2ℓ2V˜mαm
]
− (β(1)ψΘ)m + i
[
(H,xx)m
(
ω2± − ℓ2V˜m
)
+ (S,xx)m
(
ω2± − ℓ2V˜mαm
)
+ 2ω±ωI
{
2ω2±
− ℓ2V˜m(1 + αm)
}]
= 0. (47)
7We decompose this into real and imaginary parts, assum-
ing for simplicity an entirely real βψΘ,
2ω±ω
(1)
R
[
2ω2± − ℓ2V˜m(1 + αm)
]
− ℓV˜m
[
ω2±(1 + αm)
− 2ℓ2V˜mαm
]
− (β(1)ψΘ)m = 0, (48a)
2ω±ωI
[
2ω2± − ℓ2V˜m(1 + αm)
]
+ (H,xx)m
(
ω2± − ℓ2V˜m
)
+ (S,xx)m
(
ω2± − ℓ2V˜mαm
)
= 0. (48b)
This is a decoupled system of equations for the subleading
frequency corrections {ω(1)R , ωI} with roots
ωI =
(H,xx)m
(
ω2± − ℓ2V˜m
)
+ (S,xx)m
[
ω2± − ℓ2V˜mαm
]
2ω±
[
ℓ2V˜m(1 + αm)− 2ω2±
] ,
(49)
ω
(1)
R =
ℓV˜m
[
ω2±(1 + αm)− 2ℓ2V˜ 2mαm
]
+ (β
(1)
ψΘ)m
2ω±
[
2ω2± − ℓ2V˜m(1 + αm)
] . (50)
In order to calculate the second derivatives {S,xx, H,xx}
we rewrite (35) in the equivalent form
ω4 − Veff(r, ω)− (S,x)
2
ǫ2
(
ω2 − ℓ2V˜ α
)
− (H,x)
2
ǫ2
(
ω2 − ℓ2V˜
)
+
(S,xH,x)
2
ǫ4
= 0, (51)
and then expand around r = rm. With the help of
S,x(r) ≈
(
dx
dr
)
m
(S,xx)m(r − rm), (52)
H,x(r) ≈
(
dx
dr
)
m
(H,xx)m(r − rm), (53)
Veff(r, ω±) ≈ ω4± +
1
2
V ′′eff(rm, ω±)(r − rm)2, (54)
we obtain at leading order in r − rm,
(S,xx)
2
m
ǫ2
(
ω2± − ℓ2V˜mαm
)
+
(H,xx)
2
m
ǫ2
(
ω2± − ℓ2V˜m
)
= −1
2
(
dr
dx
)2
m
V ′′eff(rm, ω±). (55)
As it stands, this expression cannot be manipulated fur-
ther unless we assume a relation between the deriva-
tives of the phase functions. The simplest choice is to
set (S,xx)
2
m = (H,xx)
2
m; this would clearly be the case if
the phase functions were equal (up to a constant)3, i.e.
3 The equality between the phase functions would imply a common
wave propagation speed for the two fields.
S,x = H,x. With this assumption (55) becomes[
2ω2± − ℓ2V˜m(1 + αm)
] (S,xx)2m
ǫ2
= ±ℓ2
[
V˜ 2m(1− αm)2
+ 4(β˜ψΘ)m
]1/2 (S,xx)2m
ǫ2
= −1
2
(
dr
dx
)2
m
V ′′eff(rm, ω±).
(56)
Assuming a potential peak, V ′′eff(rm, ω±) < 0, it is always
possible to choose the sign of the square root so that
(S,xx)m > 0. We then have
(S,xx)m
ǫ
=
1√
2ℓ
(
dr
dx
)
m
|V ′′eff(rm, ω±)|1/2
×
[
V˜ 2m(1− αm)2 + 4(β˜ψΘ)m
]−1/4
, (57)
and solution (49) for ωI becomes
ωI = − (S,xx)m
2ω±
= − (dr/dx)m
2
√
2ω±ℓ
|V ′′eff(rm, ω±)|1/2[
V˜ 2m(1− αm)2 + 4(β˜ψΘ)m
]1/4 . (58)
E. Summary of eikonal formulae
Here we recap the eikonal results of this section for the
complex QNM frequency ω = ωR + iωI of the coupled
system (30a) and (30b). We have
ω = ω
(0)
R + ω
(1)
R + iωI +O(ℓ−1), (59)
with
ω
(0)
R = ω± =
ℓ√
2
[
V˜m(1 + αm)
±
√
V˜ 2m(1 − αm)2 + 4(β˜ψΘ)m
]1/2
, (60)
ω
(1)
R =
ℓV˜m
[
ω2±(1 + αm)− 2ℓ2V˜ 2mαm
]
+ (β
(1)
ψΘ)m
2ω±
[
2ω2± − ℓ2V˜m(1 + αm)
] , (61)
for the real part and
ωI = − (dr/dx)m
2
√
2ω±ℓ
|V ′′eff(rm, ω±)|1/2[
V˜ 2m(1− αm)2 + 4(β˜ψΘ)m
]1/4 , (62)
for the imaginary part. For the coupling functions we
have assumed βψ ≤ O(ℓ2) and that βψΘ = βψβΘ is
real-valued, ω-independent and with an ℓ≫ 1 expansion
βψΘ = ℓ
4β˜ψΘ + β
(1)
ψΘ + O(ℓ2). The potentials appearing
in these expressions are given by
Veff(r, ω) = ℓ
2V˜
[
ω2(1 + α)− ℓ2V˜ α
]
+ ℓ4β˜ψΘ, (63)
V˜ (r) =
f
r2
, (64)
8and the potential peak radius rm solves V
′
eff(rm, ω±) = 0.
It is straightforward to verify that in the GR limit,
V ′′eff(rm, ω±)→ 2ℓ2
[
V˜ ′′m(ω
2
± − ℓ2V˜m)− ℓ2(V˜ ′m)2
]
, (65)
and V˜ ′m → 0. Then, the above results reduce to the
familiar expressions
ω
(0)
R → ℓV˜ 1/2m , ω(1)R →
1
2
V˜ 1/2m , (66)
ωI → −1
2
(
dr
dx
)
m
√
|V˜ ′′m|
2V˜m
, (67)
with rm → 3M .
F. A ‘photon ring’ for the coupled system
The emergence of Veff in the eikonal calculation of the
preceding sections prompts us to explore the possibility
of a ‘geodesic’ connection to an effective photon ring. The
form of Veff and the correspondence ℓ/ω→ b suggests an
effective radial geodesic potential,
V effr (r, b) = 1− b2
[
V˜ (1 + α)− b2V˜ 2α− b2β˜ψΘ
]
. (68)
The clear dissimilarity to the radial potential (A2) of null
geodesics in a spherical metric suggests that we should
not be too optimistic about attaching a geodesic analogy
to the eikonal QNM of the coupled system.
A ‘photon ring’ in the potential (68) is defined by
V effr = 0, (V
eff
r )
′ = 0. (69)
The first condition leads backs to b2± = ℓ
2/ω2± and then
the second one can be identified with Eq. (39) for rm. In
other words, rm is the photon ring radius of the ‘geodesic’
potential V effr .
We can rewrite the impact parameter result as,
ω± = ℓ b
−1
± ≡ ℓΩ±, (70)
in accordance with the definition (A4) of angular fre-
quency in spherical symmetry. Thus defined, Ω± repre-
sents the effective photon ring’s angular frequency.
This is as far as the geodesic analogy can be pushed.
Although a Lyapunov exponent can be defined for the po-
tential (68), we find that it is not related to the ωI given
by (62) in the same way as in the single wave equation
case. With our eikonal analysis of the coupled system
brought to an end we are now ready to study a specific
example of a modified theory of gravity.
IV. APPLICATION: SCHWARZSCHILD BLACK
HOLES IN CHERN-SIMONS GRAVITY
Chern-Simons gravity (dCS), in its dynamical version,
represents an extension of GR achieved by adding a
parity-violating term to the standard Einstein-Hilbert ac-
tion; see [40–42] for further details. As a result of this
modification the gravitational field in this theory acquires
a dynamical scalar field degree of freedom in addition to
the standard tensorial one. As far as black holes are con-
cerned, the theory admits the Schwarzschild metric as a
spherically symmetric vacuum solution with a vanishing
background scalar field [43, 44]. The polar perturbations
of these black holes are described by the familiar general
relativistic Zerilli equation [39] while the axial sector (ψ)
of the perturbations couples to the perturbed scalar field
(Θ). This coupling signals the breakdown of isospectral-
ity between the polar and axial QNM sectors; the former
modes remain the same as in GR while the latter are
governed by a system of coupled wave equations of the
form (30a) and (30b) with [16, 44]
Vψ = VRW = f
[
ℓ(ℓ+ 1)
r2
− 6M
r3
]
, g = 0, (71a)
dr
dx
= f = 1− 2M
r
, α = 1 +
576πM2
βr6
, ζ = 1, (71b)
βψ = 96πM
f
r5
, βΘ =
6M
β
(ℓ+ 2)!
(ℓ− 2)!
f
r5
, (71c)
where β is the theory’s coupling constant (GR is formally
recovered in the limit M4β → ∞). We can observe that
the dependence of these functions on {r, ℓ, f} is consistent
with the constraints discussed in Secs. III A and III C in
relation to the necessary QNM boundary conditions and
the ℓ-scaling of βψΘ.
The aim of this section is to compare the numerically
computed axial tensor-scalar QNMs of dCS black holes
reported in Ref. [16] to the leading-order eikonal formu-
lae (60) and (62). We limit our discussion to the more
physically relevant case4 β > 0 [16].
The eikonal limit of the coupling functions,
βψΘ =
576πM2
β
f2
r10
[
ℓ4 + 2ℓ3 − ℓ2 +O(ℓ)] , (72)
allows for easy identification of β˜ψΘ and β
(1)
ψΘ. For the
real part of the eikonal QNM, we find
ω2± =
ℓ2fm
r2m
[
1 +
288πM2
βr6m
(
1±
√
1 +
βr6m
144πM2
)]
.
(73)
The expression for ωI is somewhat cumbersome and, as
a consequence, is not shown here. Equation (39) for the
potential peak radius rm takes the form[
288πM2 (4rm − 9M) + βr6m(rm − 3M)
]
×
[
288πM2 + βr6m ± 24M
√
π(144πM2 + βr6m)
]
− r12m (rm − 3M)β2 = 0. (74)
4 A β < 0 leads to a negative kinetic energy term in the action
and as a result the theory is infested with ghostlike instabilities.
9The fact that the right-hand side of (73) is real implies
ωR ≫ |ωI | or |ωI | ≫ ωR for the eikonal modes. Consid-
ering the strong ‘anti-GR’ coupling limit M4β ≪ 1, we
find the asymptotic expressions,
ω+ ≈ 2048ℓ
6561
√
π
β
, rm ≈ 9
4
M
(
1 +
19683
524288
β
π
)
, (75)
for the ‘+ mode’ and
ω− ≈ ℓf
1/2
m
rm
[
1− 12
(
πM2
βr6m
)1/2]
,
βr6m
M2
≫ 1, (76)
for the ‘- mode’. The divergence of ω+ as β → 0 suggests
that this mode may not be physically relevant in the
strong coupling regime.
Table I collects numerical QNM data from Ref. [16]
and our eikonal frequencies for the same values of β and
ℓ. In all cases Eq. (74) leads to a unique real solution
with rm > 2M . Starting from the intermediate coupling
regime, M4β ∼ 1, we find good agreement between the
two sets of results with an overall precision (∼ 10%−20%)
which is typical of the eikonal approximation in the low-
ℓ regime. We can observe that among the two eikonal
modes, ω− is the least damped and the one that lies closer
to a numerical QNM. The precision of the ωI results can
be seen to be far better than that of ωR; in the examples
shown here the agreement can extend to two or three
significant digits!
Moving towards the GR limit, M4β ≫ 1, the two
eikonal modes approach each other, while the numer-
ical modes converge to the usual QNM frequencies of
decoupled gravitational and scalar perturbations in the
Schwarzschild spacetime (while, at the same time, rm →
3M). Interestingly, the eikonal ωR (ωI) is seen to con-
verge towards the corresponding component of the grav-
itational (scalar) QNM frequency.
In the opposite limit of strong coupling, M4β ≪ 1,
Ref. [16] finds that the black hole’s ringdown is dom-
inated by nonoscillatory QNMs. At first glance, this
seems to be at odds with the eikonal formulae’s pre-
diction of oscillatory modes (no matter which of ωR, ωI
is the dominant component). As it turns out, however,
these nonoscillatory modes do not represent the black
hole’s fundamental mode. Indeed, nonoscillatory modes
also appear in the late part of the intermediate regime
(M4β ∼ 1) time evolutions, immediately after the ring-
down of the fundamental mode, see Fig. 2 in [16]. As β
is reduced, the nonoscillatory mode emerges at an ear-
lier stage thus dominating most of the time domain sig-
nal. A recent unpublished (and preliminary) QNM cal-
culation [45] reveals the presence of oscillatory modes
in the time domain signal of perturbed, strong coupling
regime black holes; this are the data displayed in the
top two rows of Table I for M4β = {0.005, 0.04}. The
ℓ = 2 eikonal frequency exhibits a deteriorated preci-
sion (∼ 20%− 40%) with respect to the precision in the
M4β & 1 regime. On the other hand, the accuracy of
M4β ℓ +/− rm/M Mωeik Mωnum ∆ω [%]
0.005 2 − 9.96 0.133-0.0642i 0.186-0.0606i 39.8+5.6i
2 + 2.25 15.7-0.148i
10 − 9.96 0.665-0.0642i 0.696-0.0636i 4.7+0.9i
10 + 2.25 78.3-0.14i
0.04 2 − 7.24 0.178-0.0793i 0.220-0.0760i 23.6+4.1i
2 + 2.25 5.55-0.148i
7 − 7.24 0.624-0.0793i 0.662-0.0687i 6.1+13.4i
7 + 2.25 19.4-0.148i
0.5 2 − 5.07 0.244-0.0936i 0.276-0.0936i 13.1+0i
+ 2.26 1.620-0.144i 1.97-0.144i 21.6+0i
1 2 − 4.65 0.263-0.0959i 0.292-0.0971i 11.0+1.3i
+ 2.28 1.183-0.141i 1.43-0.142i 20.9+0.7i
100 2 − 3.23 0.359-0.0968i 0.367-0.092i 2.2+4.9i
+ 2.77 0.421-0.0976i 0.501-0.0954i 19.0+2.3i
104 2 − 3.02 0.382-0.0962i 0.374-0.0889i 2.1+7.6i
+ 2.98 0.388-0.0962i 0.484-0.0968i 24.7+0.6i
TABLE I. Axial tensor-scalar QNMs of a Schwarzschild black
hole in dCS gravity. We show eikonal results (Mωeik) cor-
responding to the modes ω± computed with the help of
Eqs. (62), (73) and (74) against numerical data (Mωnum) [16,
45] for a variety of coupling strengths M4β and multipoles
ℓ. The relative error ∆ω = |[(ωeik)R,I − (ωnum)R,I ]/(ωeik)R,I |
is shown as a complex number in the last column. We also
tabulate the radial location rm of the ‘peak’ of the effective
potential Veff , as obtained from (74).
the eikonal damping rate is much better (∼ 5%). As ex-
pected, the accuracy of the eikonal results gets better for
the higher ℓ multipoles. It is also likely that the overall
precision of the eikonal approximation in the M4β ≪ 1
regime may get better when more accurate numerical
QNM results become available.
Besides the frequencies themselves, it is interesting to
study the form of the effective potential Veff as defined
in two equivalent ways at the end of Sec. III C. Fig-
ure 1 displays a typical example of this potential for the
M4β = 0.5, ℓ = 2 QNMs appearing in Table I. The shape
of the potential depends on which definition we adopt,
namely, Veff(r, ω±) or Veff(r, ω±(r)). In this particular
example, three out of the four potentials are found to be
black hole-like, with a single hump located at the same
rm for a given mode. In contrast, the remaining fourth
potential has a local minimum at rm and two maxima at
different radii (see inset in Fig. 1). In all cases Veff → 0
as r → {2M,∞} in agreement with the QNM boundary
conditions. Moreover, by taking the M4β → ∞ limit in
(63), the effective potential converges to ω2ℓ2V˜ .
V. CONCLUDING REMARKS
The main results of this paper, Eqs. (60)–(62), repre-
sent the leading-order eikonal QNM complex frequency
for black hole perturbations described by the general cou-
pled system of wave equations (30a) and (30b). Further-
more, this eikonal mode (which is an approximation to
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FIG. 1. The effective potentials for axial tensor-scalar QNMs of Schwarzschild black holes in dCS gravity. We show the
M4β = 0.5, ℓ = 2 potentials Veff(r, ω±) and Veff(r, ω±(r)) defined in Sec. III C. The left (right) panel corresponds to the − (+)
mode solution. The corresponding rm solutions (cf. Table I) mark the common extrema of the two potentials. In the right
panel, these extrema are both maxima, while in the left panel (see inset), it is a maximum for Veff(r, ω−(r)) and a minimum
for Veff(r, ω−).
the black hole’s fundamental mode) can be associated
with the peak of a single effective potential, Eq. (63), in
much the same way as it happens for the eikonal modes of
Schwarzschild or Kerr black holes in GR [29]. As a per-
formance benchmark of our results, we have computed
eikonal modes of Schwarzschild black holes in dCS grav-
ity and found them to be in good agreement with numer-
ically computed data [16, 45].
The strength of the eikonal method lies in the ana-
lytic form of its results and the present study is no ex-
ception to the rule. Although the QNM spectrum of
spherical black holes in a given modified theory of grav-
ity could, in principle, be obtained by means of direct
numerical integration, our eikonal formulae have the key
merit of describing the fundamental mode of black holes
in a parametrised ‘post-GR’ form and explicitly display-
ing the mode’s dependence on the coupling parameters
that generically appear in modified theories of gravity. In
addition, our framework is sufficiently general to cover
background black hole solutions which are either given
analytically or numerically.
Our exploration of the connection between the eikonal
QNMs and photon geodesics has been partially success-
ful. We have been able to identify an effective metric
and photon ring that can be mapped on the QNM of a
general class of single-field wave equations. The more
complicated (and physically relevant) coupled system of
equations has only allowed us to associate an effective
potential and its peak to the eikonal QNM. However, the
connection of this potential to the true photon geodesics
of a given theory is an open question.
Several gravity theories lead to more complex pertur-
bation systems than the one considered here, featuring
more than two wave equations/perturbed fields (includ-
ing massive scalar fields) and/or higher-order derivative
terms (see for example [19–23]). In principle, the eikonal
scheme of this paper should be adaptable to these more
general scenarios at the cost of an increased algebraic
complexity. An equally important extension of this work
– and one that could lift our capability of testing the
Kerr hypothesis with GW observations beyond the level
of null tests – would be towards the study of rotating
black holes, perhaps initially within a slow-rotation ap-
proximation. These are all important issues that need to
be addressed in future work.
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Appendix A: Photon geodesics in an arbitrary
spherical metric
This appendix provides a compact discussion of null
geodesics in a general spherically symmetric spacetime
of the form (see also Ref. [32] for a similar analysis)
ds2 = gtt(r)dt
2 + grr(r)dr
2 + r2dΩ2. (A1)
A photon’s radial motion in this metric is described by
(ur)2 = − 1
grr
(
1
gtt
+
b2
r2
)
≡ Vr(r, b), (A2)
where uµ = dxµ/dλ for some affine parameter λ and
b = L/E is the orbital impact parameter.
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For circular orbits of radius r = rph, the ‘photon ring
equation’ materialises from the two conditions Vr(rph) =
V ′r (rph) = 0. We find b
2
ph = −r2ph/gtt(rph) and
(
g′tt
gtt
)
ph
=
2
rph
. (A3)
The resulting photon ring equation is independent of grr
and, of course, for the case of the Schwarzschild metric
it is solved by rph = 3M .
The angular frequency Ωph at the photon ring is
Ωph =
uϕ
ut
=
1
bph
=
√−gtt(rph)
rph
. (A4)
Another parameter of interest is the photon ring’s Lya-
punov exponent γph which is a measure of the rate of
convergence/divergence of null rays in the ring’s vicinity.
A general expression for this parameter is given by the
stability calculation of Ref. [32],
γ2ph =
V ′′r
2(ut)2
= −1
2
[
r2gtt
(gtt
r2
)′′]
ph
. (A5)
Appendix B: On the eikonal QNM-geodesic
correspondence of the scalar wave equation
In this appendix we consider the wave equationΦ = 0
for a massless scalar field in the general spherical metric
(A1) and demonstrate that the eikonal QNM is related
to the spacetime’s photon ring. The standard decompo-
sition in spherical coordinates,
Φ =
1
r
ψ(r)Y mℓ (θ, ϕ)e
−iωt, (B1)
leads to the following radial wave equation,
d2ψ
dx2
+
{
ω2 + gtt
[
ℓ(ℓ+ 1)
r2
+
1
2rgrr
(
g′tt
gtt
− g
′
rr
grr
)]}
ψ = 0,
(B2)
where the tortoise coordinate is defined as
dx
dr
=
(
−grr
gtt
)1/2
. (B3)
We can observe that in the eikonal limit ℓ ≫ 1 only
the gtt component is relevant. Furthermore, assuming a
single-peak black hole-like potential, the eikonal analysis
of Sec. II applies, and the real part of the fundamental
mode is
ωR ≈ ℓ
√
−gtt(r0)
r0
. (B4)
The peak r0 of the eikonal potential U˜(r) = gtt(r)/r
2
solves the equation 2gtt = rg
′
tt which coincides with the
photon ring equation (A3) in a general spherical space-
time. Then r0 = rph, and with the help of (A4), we can
rewrite (B4) in terms of the photon ring frequency as
ωR ≈ ℓΩph. (B5)
A similar reasoning establishes a connection between the
imaginary part ωI [see Eq. (19)] and the photon ring’s
Lyapunov exponent. Using (A5) we first obtain
γ2ph = −
1
2
(
g2tt
U˜ ′′
U˜
)
ph
. (B6)
and then it is easy to show that
ωI ≈ −1
2
|γph|, (B7)
We have thus found the same relations as the ones en-
countered in the eikonal study of QNMs of GR black
holes [30, 31].
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